
Ion-Based Characterization of Laser Beam Profiles for Quantum Information
Processing

Ilyoung Jung, Frank G. Schroer and Philip Richerme1, 2

1Indiana University Department of Physics, Bloomington, Indiana 47405, USA
2Indiana University Quantum Science and Engineering Center, Bloomington, Indiana 47405, USA

(Dated: October 7, 2025)

Laser-driven operations are a common approach for engineering one- and two-qubit gates in
trapped-ion arrays. Measuring key parameters of these lasers, such as beam sizes, intensities, and
polarizations, is central to predicting and optimizing gate speeds and stability. Unfortunately,
it is challenging to accurately measure these properties at the ion location within an ultra-high
vacuum chamber. Here, we demonstrate how the ions themselves may be used as sensors to directly
characterize the laser beams needed for quantum gate operations. Making use of the four-photon
Stark Shift effect in 171Yb+ ions, we measure the profiles, alignments, and polarizations of the lasers
driving counter-propagating Raman transitions. We then show that optimizing the parameters of
each laser individually leads to higher-speed Raman-driven gates with smaller susceptibility to errors.
Our approach demonstrates the capability of trapped ions to probe their local environments and to
provide useful feedback for improving system performance.

I. INTRODUCTION

To process quantum information using trapped ions, it is necessary to address and manipulate the ion qubit
states by coupling them to electromagnetic fields. In the majority of trapped ion experiments, the required fields are
delivered via laser light directed towards the ion qubit array and tuned to a wavelength at or near the qubit resonance.
This approach is already sufficient to generate single- and multi-qubit operations that form universal gate sets for
quantum information processing [1–7]. Additionally, the ability for laser light to achieve fine frequency resolution
compared to typical trapping frequencies and energy scales, as well as fine spatial resolution compared to inter-ion
length scales, enables local single-qubit [8, 9] and arbitrary two-qubit addressing [10, 11] that is central to quantum
gate-model algorithms. For these reasons, laser-driven operations have been used in hundreds of quantum computing
and simulation experiments over the past two decades [12–15].

For many specific ion species, the qubit levels are encoded in Zeeman or hyperfine states with frequency splittings
on the order of MHz to GHz [12, 16–20]. To address these states using laser light, and to generate the necessary
momentum transfer for spin-motion coupling, two-photon stimulated Raman transitions have been employed for qubit
manipulations [21]. In this scheme, a phase-coherent pair of Raman beams interacts with the trapped-ion array and
drives transitions by coupling through a virtually excited state. Since the single- and two-qubit gate speeds depend
on the alignments, spot sizes, and polarizations of these Raman beams, it is central to characterize and optimize these
beam properties at the ion positions to predict and improve gate performance. Unfortunately for trapped-ion setups,
traditional measurements of these quantities are made difficult since they must be made within an ultra-high vacuum
chamber.

In this work, we demonstrate how trapped ions themselves may be used to probe and optimize the laser beams
used to drive quantum gate operations. Our technique relies on measurement of the differential four-photon Stark
shift, which results from driving the ion with mode-locked laser beams. For each Raman beam independently, we
observe a differential energy shift between qubit levels that scales quadratically with beam intensity and depends
upon the beam polarization and magnetic field orientation. We use this signal to characterize the polarization, spot
sizes, and alignments of each beam, which we then use to optimize the gate speed of two-photon Raman transitions.
Our technique, which is generalizable to any species of Zeeman or hyperfine qubit, leverages the sensitivity of trapped
ions to common light-shift effects in order to correct potential sources of experimental imperfections.

II. METHODS

A. Experimental Setup

Experiments are performed using 171Yb+ ions confined in an open-endcap linear rf trap [22]. This choice of ion
provides access to a hyperfine qubit, defined by the levels |↓⟩ ≡2S1/2|F = 0,mF = 0⟩ and |↑⟩ ≡2S1/2|F = 1,mF = 0⟩,
and split by a frequency ωHF = 2π×12.642812 GHz. A magnetic field of 3.6 Gauss is oriented along the ẑ direction (see
Figure 1(a)) to break the degeneracy of the 2S1/2 F = 1 manifold, resulting in a Zeeman shift of ωZ = ±2π × 5 MHz

ar
X

iv
:2

51
0.

03
96

6v
1 

 [
qu

an
t-

ph
] 

 4
 O

ct
 2

02
5

https://arxiv.org/abs/2510.03966v1


2

for the 2S1/2|F = 1,mF = ±1⟩ states (Figure 1(b)). Ion cooling, initialization, and measurement are performed using
resonant or near-resonant laser light at 369.5 nm [17].

(a)

FIG. 1: Experimental Setup. (a) Diagram showing the ion trap within an ultra-high vacuum chamber. Also shown are the
Raman beam configurations, ideal beam polarizations (double-headed arrows), and ideal magnetic field direction. QWP =
Quarter-Wave Plate; HWP = Half-Wave Plate (b) Relevant energy level structure of 171Yb+. Frequency comb components
from a pair of 355 nm laser beams can drive Raman transitions, and each beam individually generates a differential four-photon
Stark shift between qubit states.

We implement single and two-qubit gates by driving two-photon Raman transitions with a mode-locked laser at
355 nm (Figure 1). This laser, which outputs τ ≈ 15 ps pulses at a repetition rate νrep ≈ 80 MHz, provides a
frequency comb with ∼100 GHz bandwidth that spans the hyperfine qubit splitting. Resonant transitions between
qubit levels, equivalent to single qubit rotations, are implemented by adjusting the relative frequency of each Raman
beam such that the beatnote difference between comb teeth contains a component at ωHF . Similarly, two-qubit
entangling operations are driven by generating a bichromatic beatnote between Raman beams that is near-resonant
to the normal modes of the ion crystal [5, 15].

Before interacting with the ions, each Raman beam is made to pass through a quarter-wave plate (QWP) and
half-wave plate (HWP) so that its polarization may be fully controlled. In the ideal configuration (Figure 1(a)),
each Raman beam carries a linear polarization that is perpendicular to the external magnetic field as well as the
polarization of the other beam. This ‘lin ⊥ lin’ configuration creates a polarization gradient at the ion [23], which is
used to drive the single- and two-qubit gates. We note that a single beam is unable to induce qubit transitions on its
own, since the σ+ and σ− contributions destructively interfere and π transitions are forbidden by selection rules [24].

B. Four-photon Stark shift

Although a single Raman beam cannot drive transitions between the |↓⟩ and |↑⟩ states, it may still cause a differential
ac Stark shift in the qubit energy levels. For the standard (two-photon) case, the differential ac Stark shift is inversely
proportional to the Raman beam detuning from each of the excited states. In 171Yb+, there is a near-perfect
cancellation of the two-photon Stark shift contributions from the 2P1/2 and 2P3/2 levels when the ion is irradiated
with 355 nm light, since ∆ ≈ ωF /3 (see Figure 1(b)) [21, 25, 26]. For typical beam intensities, this results in a residual
two-photon Stark shift of ∼10-100 Hz under the experimental conditions shown in Figure 1(a) [24].

When a mode-locked laser is used to drive Raman transitions, it induces a four-photon Stark shift that may be
orders-of-magnitude larger than the usual two-photon effect [9]. This is because a single Raman beam contains pairs
of comb teeth separated approximately by ωHF , providing a near-resonant path for the four-photon virtual process.
In [9], for instance, fourth-order Stark shifts of up to 10 MHz have been observed using 200 mW of 355 nm light
focused to a 3 µm spot size, nearly 3 orders of magnitude larger than the corresponding two-photon Stark shift.

A full derivation of the four-photon Stark shift using perturbation theory is provided in [9]; here we briefly summarize
the relevant results. For a pair of comb teeth with frequencies ω0 and ω1 and polarizations ϵ̂0 and ϵ̂1, the Stark shift
on state |n⟩ is

E(4)
n =

∑
a̸=n

|Ωn,a|2

4δn,a
, (1)

where Ωn,a is the two-photon Rabi frequency between states |n⟩ and |a⟩, and δn,a = (ωa − ωn) − (ω0 − ω1) is the
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detuning of the comb beatnote from the relevant level splitting. For this analysis, we consider contributions from all
states in the 2S1/2 manifold (including the Zeeman states), leading to two-photon Rabi frequencies

Ω00,10 = (ϵ0−ϵ
1∗
− − ϵ0+ϵ

1∗
+ )Ω0,

Ω00,1−1 = −(ϵ0−ϵ
1∗
π + ϵ0πϵ

1∗
+ )Ω0,

Ω00,11 = (ϵ0+ϵ
1∗
π + ϵ0πϵ

1∗
− )Ω0,

Ω10,1−1 = (ϵ0−ϵ
1∗
π + ϵ0πϵ

1∗
+ )Ω0,

Ω10,11 = (ϵ0+ϵ
1∗
π + ϵ0πϵ

1∗
− )Ω0, (2)

where transitions between states |n⟩ and |a⟩ are labeled by their values of |F,mF ⟩. These Rabi frequencies depend
upon the polarization components of each comb tooth, and the two-photon Rabi rate defined as:

Ω0 =
g20
6

(
1

∆
+

1

ωF −∆

)
(3)

with g0 the single-photon resonant Rabi frequency between S → P [9, 24]. Generalizing Equation 1 to include all
pairs of comb teeth, and accounting for the envelope function of the frequency comb [27], we write

E(4)
n =

∑
a̸=n

Ω2
n,a

4

Cn,a
δn,a

; Cn,a =

∞∑
k=−∞

sech2((j + k)πνrepτ)

1− k(2πνrep)/δn,a
(4)

with j defined such that |(ωa − ωn)− 2πjνrep| is minimized. Finally, the differential four-photon Stark shift is given
by

δω(4) = E
(4)
10 − E

(4)
00 (5)

where the E
(4)
n shift for each level is calculated using Equation 4.

In [9], the authors considered circular and linear Raman beam polarizations that maximized the four-photon Stark
shift. Here, we extend the discussion to calculate the relevant Stark shifts for arbitrary polarizations and magnetic
field orientations. To begin, we consider a vertically-oriented magnetic field and a Raman beam that carries pure
linear polarization at angle 2θ to the horizontal plane. With respect to the magnetic field, we may decompose the
polarization vector as

ϵ̂ =
cos(2θ)√

2
ϵ̂− + sin(2θ)ϵ̂π +

cos(2θ)√
2

ϵ̂+ (6)

For this polarization, we calculate the differential Stark shift using Eqs. 2 and 4 as:

δω(4)(θ) =
Ω2

0

8
sin2(4θ)

(
C00,1−1

δ00,1−1
+

C00,11

δ00,11

)
(7)

From Equation 7 we observe that the lin ⊥ lin Raman beam polarizations (θ = 0), which is the ‘ideal’ experimental
configuration shown in Figure 1(a), contributes zero differential Stark shift.

We also calculate the four-photon Stark shift in the most general case, allowing for arbitrary magnetic field directions
and arbitrary components of linear and circular polarization. This is motivated by the need to characterize real-world
experimental implementations of Raman beam geometries, which may deviate from the ideal configuration shown in
Figure 1(a). We define an arbitrary external magnetic field, parameterized by polar and azimuthal angles α and β,
with respect to the coordinate axes as

B⃗ = B0 [sinα cosβ x̂+ sinα sinβ ŷ + cosα ẑ] (8)

We also consider an input Raman beam that starts with horizontal polarization and is made to pass through a QWP
at angle ϕ and a HWP at angle θ. For this configuration, we derive the Raman beam polarization components as (see
Appendix A):

ϵ− = −1

2
[(cosα sinβ − i cosβ)(cos(2ϕ− 2θ) + i cos 2θ) + sinα(sin(2ϕ− 2θ)− i sin 2θ)]

ϵπ = − 1√
2
[sinα sinβ(cos(2ϕ− 2θ) + i cos 2θ)− cosα(sin(2ϕ− 2θ)− i sin 2θ)]

ϵ+ = −1

2
[(cosα sinβ + i cosβ)(cos(2ϕ− 2θ) + i cos 2θ) + sinα(sin(2ϕ− 2θ)− i sin 2θ)] . (9)
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Using these polarizations, the full four-photon Stark shift δω(4)(α, β, θ, ϕ) may then be determined by substituting
into Eqs. 2 and 4.

III. RESULTS

In our experiments, we employ the four-photon Stark shift effect as a primary means of characterizing the Raman
laser beams used for driving quantum gate operations. While earlier works have used the four-photon Shift to perform
local single-qubit gate operations [9], here we use it as a tool for diagnosing a variety of important beam parameters.
Below, we calibrate the performance of the four-photon Stark shift in our system before analyzing and optimizing the
Raman beam polarizations, spot sizes, and alignments.

A. Beam Power and Polarization

All four-photon Stark shift measurements are performed following the pulse sequence shown in Figure 2(a). After
ion cooling and initialization to the |↓⟩ state, the system is prepared in the equatorial plane of the Bloch sphere using
a microwave π/2 pulse at the qubit transition frequency. A single 355 nm Raman beam is applied for a variable delay
time to drive the four-photon shift, after which the Ramsey sequence is completed by a second microwave π/2 pulse.
Oscillations in the detected probabilities of |↓⟩ and |↑⟩ then determine the Stark shift frequency δω(4).

Since the Stark shift is expected to be zero in the ideal lin ⊥ lin beam configuration (see Equation 7), we use a HWP
to purposefully rotate the beam polarization away from horizontal for these experiments. For linear polarizations with
both horizontal and vertical components, we expect a non-zero Stark shift that depends quadratically on Ω0, and
therefore, on input beam power. In Figure 2(b), we verify this dependence by setting the HWP at angle θ = 22.5◦ to
the horizontal axis and measuring the Stark shift for increasing 355 nm powers.

(b) (c)

FIG. 2: (a) Experimental sequence used to measure the four-photon Stark shift. (b) The four-photon Stark shift exhibits a
quadratic dependence (fitted orange line) on the input Raman beam power. (c) The shift also shows an oscillatory dependence
as the HWP angle is scanned. The oscillation amplitude, offset, and shape reveal information about the incoming beam
polarization and external magnetic field direction. The solid line is a fit to Equation 5, using the polarizations in Equation 9
as inputs.

As the HWP angle is rotated, the observed Stark shift contains diagnostic information about the input Raman
beam polarization and external magnetic field direction. This dependence may be calculated by solving Equation 5,
using the generalized polarization components in Equation 9 as inputs to Equation 2. The result is a four-photon
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Stark shift δω(4)(α, β, θ, ϕ) that can indicate an imbalance of left- and right-circularly polarized light (corresponding
to ϕ ̸= 0) or a non-vertical magnetic field.

We study the Stark shift dependence on HWP angle in Figure 2(c), in the case of balanced circular polarization
(ϕ = 0) and non-vertical magnetic field (α, β ̸= 0). As the HWP angle is scanned, we observe high-contrast oscillations
with minimal Stark shift whenever sin2(4θ) ≈ 0, as predicted by Eq. 7. However, we also observe a phase offset from
pure sin2(4θ) dependence that is attributable to a non-perfectly vertical magnetic field. Fitting the full Stark shift
δω(4)(α, β, θ, ϕ) to the data in Figure 2(c) reveals that the magnetic field used in these experiments is misaligned from
the ẑ axis by an angle α = 10◦.

B. Beam Intensity Profiles and Alignments

The speed and stability of single- and two-qubit gates depends directly on the profile and alignment of each Raman
beam. In the ideal case, the maximum gate speed is attained when the peak intensity of each Raman beam overlaps
with the ion position. In addition, this configuration reduces gate infidelities due to laser pointing instability since
the intensity profile of a Gaussian beam varies most slowly near its peak.

Using the four-photon Stark shift, we characterize the intensity profile of each Raman beam and use these mea-
surements to improve their alignments to the ions. As shown in Equation 7 and Figure 2(b), we expect the induced
four-photon Stark shift to depend on the square of the local Raman beam intensity. To measure this profile, we
translate the ion along the linear trap axis and record the Stark shift at each position for each beam.

The four-photon Stark shift for each Raman beam as a function of ion position is shown in Figure 3(a). For both
beams, we fit a squared Gaussian profile to the data to extract a 1/e2 waist. Accounting for the 45◦ projection of
each Raman beam along the trap axis, we measure waists of w0 = 27± 2 µm, which is near our planned beam waist
target of 30 µm. Further, the high fit quality confirms that there are no significant beam aberrations or non-Gaussian
modes at the focal plane of the ion. However, beam profiles in Figure 3(a) highlight that the individual Raman lasers
were misaligned to the ion position by as much as 8 µm. This is corrected in Figure 3(b), where both beams are
brought into alignment with the ion to sub-µm accuracy.

(a) (b)

FIG. 3: Raman beam laser profiles as measured via the four-photon Stark shift. Panel (a) shows the profiles before alignment
optimization; panel (b) is after optimization.

Although the traditional way to align Raman beams is to simply maximize the two-photon Rabi frequency, we
will now show that the Stark shift measurements provide better sensitivity to alignment deviations. Ensuring high-
accuracy alignment is particularly important for reducing pointing instability effects from the Raman beams, which
manifest themselves as gate over- or under-rotation errors. In Figure 4(a) we measure the two-photon Rabi frequency
versus ion position, before and after optimizing the beam alignments. Although optimization increased the peak Rabi
frequency from 260 kHz to 270 kHz, this difference is small and can be challenging to discern given common levels of
experimental noise.

The poor sensitivity of Rabi frequencies to beam misalignments can be predicted theoretically. Figure 4(b) shows
the calculated Rabi frequencies along the trap axis when the Raman beams are aligned, and also when one Raman
beam is misaligned by d = 8 µm. Because the two-photon Rabi frequency Ω ∼

√
I1I2 is proportional to the geometric

mean of Raman beam intensities, the misaligned Rabi peak shifts by d/2 (assuming I1 = I2) and exhibits only a small
decrease in amplitude. In contrast, the four-photon Stark shift signal scales as δω(4) ∼ I2 for each beam individually
and provides a more sensitive probe of beam misalignments.
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FIG. 4: (a) Rabi frequency versus ion position, before and after the alignment optimizations shown in Figure 3. Optimization
only slightly increases the measured two-photon Rabi frequency. (b) When one Raman beam is misaligned by a distance d, the
resulting Rabi frequency curve shifts by d/2 with little change to its peak amplitude. (c) The four-photon Stark shift signal is
much more sensitive to misalignments than the Rabi frequency signal, with increasing sensitivity for larger deviations.

The relative sensitivities of the Stark-shift and Rabi frequency measurements are compared in Figure 4(c). For
both approaches, we calculate the fractional change in frequency when one of the Raman beams is misaligned by a
distance d. In all cases, Stark shift measurements provide a larger change in signal, with a ∼ 4× improved sensitivity
for our initial misalignment value of d = 8 µm. This theoretical analysis, along with our experimental observations,
highlight the advantages of using four-photon Stark shifts to optimize beam alignment.

IV. DISCUSSION AND CONCLUSIONS

In this work, we demonstrated the four-photon Stark shift as a technique for characterizing the laser beams used
to drive quantum gate operations. After introducing the origins of the effect, we extended its theoretical description
to include experimental realities such as imperfect beam polarizations and magnetic field directions. Using the ion
as a probe of its environment, we applied the four-photon Stark shift technique to measure Raman laser beam
polarizations, spot sizes, and alignments. We further showed how alignment optimizations can be improved using
four-photon Stark shift measurements compared to traditional Rabi frequency optimization. Our work demonstrates
that ions are not just passive targets for quantum operations, but can actively serve as local sensors to calibrate and
improve experiments.
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[13] H. Häffner, C. F. Roos, and R. Blatt, Physics Reports 469, 155 (2008).
[14] C. D. Bruzewicz, J. Chiaverini, R. McConnell, and J. M. Sage, Applied physics reviews 6 (2019).
[15] C. Monroe, W. Campbell, L.-M. Duan, Z.-X. Gong, A. Gorshkov, P. Hess, R. Islam, K. Kim, N. Linke, G. Pagano, et al.,

Reviews of Modern Physics 93, 025001 (2021).
[16] B. B. Blinov, D. Leibfried, C. Monroe, and D. J. Wineland, Quantum Information Processing 3, 45 (2004).
[17] S. Olmschenk, K. C. Younge, D. L. Moehring, D. N. Matsukevich, P. Maunz, and C. Monroe, Physical Review A 76,

052314 (2007).
[18] J. Benhelm, G. Kirchmair, C. Roos, and R. Blatt, Physical Review A 77, 062306 (2008).
[19] A. Keselman, Y. Glickman, N. Akerman, S. Kotler, and R. Ozeri, New Journal of Physics 13, 073027 (2011).
[20] T. Ruster, C. T. Schmiegelow, H. Kaufmann, C. Warschburger, F. Schmidt-Kaler, and U. G. Poschinger, Applied Physics

B 122, 254 (2016).
[21] R. Ozeri, W. M. Itano, R. Blakestad, J. Britton, J. Chiaverini, J. D. Jost, C. Langer, D. Leibfried, R. Reichle, S. Seidelin,

et al., Physical Review A 75, 042329 (2007).
[22] Y. Xie, J. Cui, M. D’Onofrio, A. Rasmusson, S. W. Howell, and P. Richerme, Quantum Science and Technology 6, 044009

(2021).
[23] H. J. Metcalf and P. Van der Straten, Laser cooling and trapping (Springer Science & Business Media, 1999).
[24] W. C. Campbell, J. Mizrahi, Q. Quraishi, C. Senko, D. Hayes, D. Hucul, D. N. Matsukevich, P. Maunz, and C. Monroe,

Physical Review Letters 105, 090502 (2010).
[25] D. J. Wineland, M. Barrett, J. Britton, J. Chiaverini, B. DeMarco, W. M. Itano, B. Jelenković, C. Langer, D. Leibfried,

V. Meyer, et al., Philosophical Transactions of the Royal Society of London. Series A: Mathematical, Physical and Engi-
neering Sciences 361, 1349 (2003).

[26] H. Tu, C.-Y. Luan, M. Zou, Z. Yin, K. Rehan, and K. Kim, arXiv preprint arXiv:2504.19474 (2025).
[27] J. Mizrahi, B. Neyenhuis, K. Johnson, W. Campbell, C. Senko, D. Hayes, and C. Monroe, Applied Physics B 114, 45

(2014).

Appendix A

In order to calculate the four-photon Stark shift allowing for arbitrary magnetic fields directions and arbitrary
components of linear and circular polarization, we begin by defining an external magnetic field, parameterized by
both polar and azimuthal angles α and β, with respect to the coordinate axes as

B⃗ = Bo [sinα cosβx̂+ sinα sinβŷ + cosαẑ] (A1)

We also assume an input Raman beam that starts with horizontal polarization and is made to pass through QWP at
angle ϕ and a HWP at angle θ. The QWP and HWP plates are represented as Jones transformations, where the fast
axis is with respect to the horizontal direction

QWP (ϕ) = e−iπ/4

(
cos2 ϕ+ i sin2 ϕ (1− i) sinϕ cosϕ
(1− i) sinϕ cosϕ sin2 ϕ+ i cos2 ϕ

)
(A2)

HWP (θ) = e−iπ/2

(
cos2 θ − sin2 θ 2 cos θ sin θ
2 cos θ sin θ sin2 θ − cos2 θ

)
(A3)

Because the magnetic field sets the quantization axis of the ion, we need to rotate our polarization vector to be in
the ion’s frame

ϵ̂′ = ϵx′ x̂′ + ϵy′ ŷ′ + ϵz′ ẑ′ (A4)
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Where we take the z-direction of our rotated coordinate system (ẑ′) to be along the magnetic field

x̂′ = cosα cosβx̂+ cosα sinβŷ − sinαẑ

ŷ′ = − sinβx̂+ cosβŷ

ẑ′ = sinα cosβx̂+ sinα sinβŷ + cosαẑ (A5)

It should be noted that the unit vectors x̂′ and ŷ′ are not unique, as long as the transformed unit vectors form an
orthonormal basis.

We can find the coefficients of the polarization in the ion’s frame by taking the inner product of the rotated
coordinate system’s unit vector with the Raman beam’s polarization after the QWP and HWP:

ϵx′ = x̂′ · ϵ̂ = − 1√
2
[cosα sinβ(cos(2ϕ− 2θ) + i cos 2θ) + sinα(sin(2ϕ− 2θ)− i sin 2θ)]

ϵy′ = ŷ′ · ϵ̂ = − 1√
2
cosβ(cos(2ϕ− 2θ) + i cos 2θ)

ϵz′ = ẑ′ · ϵ̂ = − 1√
2
[sinα sinβ(cos(2ϕ− 2θ) + i cos 2θ)− cosα(sin(2ϕ− 2θ)− i sin 2θ)] (A6)

To match the polarization basis required in Equation 6 of the main text, we can transform the primed coordinates as

ϵ̂± =
1√
2
(x̂′ ± iŷ′), ϵ̂π = ẑ′ (A7)

We can find the coefficients of the polarization in the ϵ̂−,ϵ̂π,ϵ̂+ basis by applying the same process as in A6

ϵ− = −1

2
[(cosα sinβ − i cosβ)(cos(2ϕ− 2θ) + i cos 2θ) + sinα(sin(2ϕ− 2θ)− i sin 2θ)]

ϵπ = − 1√
2
[sinα sinβ(cos(2ϕ− 2θ) + i cos 2θ)− cosα(sin(2ϕ− 2θ)− i sin 2θ)]

ϵ+ = −1

2
[(cosα sinβ + i cosβ)(cos(2ϕ− 2θ) + i cos 2θ) + sinα(sin(2ϕ− 2θ)− i sin 2θ)] . (A8)


